Solution to Math4230 Tutorial 12

1. Show that
(a) For the function f(z) = ||z||, we have
z/||x if x #0,
op < [l it
{dl||d]| <1} ifz=0.
Solution:

(a) For x # 0, the function f(z) = ||z| is differentiable with V f(z) = x/||z||, so
that 0f(z) = {Vf(:c)} = {x/||:cH} Consider now the case x = 0. If a vector d
is a subgradient of f at x = 0, then f(z) > f(0) + d'z for all 2z, implying that

llz|| > d'z, VzeR"

By letting 2z = d in this relation, we obtain ||d|| < 1, showing that df(0) C {d |
ldll < 1}.
On the other hand, for any d € ®" with ||d|| < 1, we have

dz < |dl-flzll < ll=ll,  VzeR,

which is equivalent to f(0)+d'z < f(z) for all z, so that d € 9f(0), and therefore
{d]ld] <1} c91(0).

2. Consider a proper convex function F of two vectors € R™ and y € R™.
For a fixed (Z,y) € dom(F), let 0,F(z,y) and 0y F(Z,y) be the subdif-
ferentials of the functions F'(-,y) and F(Z,-) at T and g, respectively.
(a) Show that

8F(j7g) C GJ;F(CE,Q) +8yF(j)g)a

and give an example showing that the inclusion may be strict in
general.
(b) Assume that F has the form

F(z,y) = hi(z) + ha(y) + h(z,y)

where hq and hy are proper convex functions, and h is convex, real-
valued, and differentiable. Show that the formula of part (a) holds
with equality.

Solution:



(a) We have (gz,9y) € OF(z,y) if and only if
F(z,y) > F(2,9) + gy(x = %) + g,(y —9), VYzeR" yeR™

By setting y = §, we obtain that g, € 0,F(Z,7), and by setting x = Z, we obtain that g, €
0y F(Z,7), so that (gs,9y) € 0-F(Z,9) x 0,F(Z,7).

For an example where the inclusion is strict, consider any function whose subdifferential is not
a Cartesian product at some point, such as F(z,y) = |z + y| at points (Z,7) with Z + 7 = 0.
(b) Since F is the sum of functions of the given form, we have

OF(2,9) = {(92,0) | g» € O (D)} +{(0, 9y) | 9y € Oh2(9)} + {VI(Z,9)}
[the relative interior condition of the proposition is clearly satisfied]. Since
0. F(2,9) = 0l (%) + V. h(Z,7),
8,F(7,7) = Oha(7) + V,h(7,9),

the result follows.

3. (Directional Derivative of Extended Real-Valued Functions)
Let f: R™ — (—00, 00| be a convex function, and let = be a vector in
dom(f). Define
flz+a) = f(z)

! . :f n
fi(z5y) inf - ., yeR

Show the following:

(a) f(x; y) = Af/(x;y) for all A > 0 and y € R™;

(b) f'(x;-) is a convex function;

(¢) —f'(z;—y) < f'(z;y) for all y € R"

Solution:

(a) Since f'(z;0) = 0, the relation f'(x;Ay) = A\f'(z;y) clearly holds for A = 0
and all y € R™. Choose A > 0 and y € R". By the definition of directional
derivative, we have

oy — g LEHAOD) —I@) St (@A) — J@)

a>0 «@ a>0 a\

By setting 8 = Aa in the preceding relation, we obtain

Pl ) = inf 2EF0Y = (@)

inf B = A (z;9).

(b) Let (y1,w1) and (y2,w2) be two points in epi(f'(x; )), and let v be a scalar
with v € (0,1). Consider a point (y,w~) given by

Yy =791+ (1 =y, wy =qwi+ (1= 7)we.
Since for all y € R”, the ratio

[z +oy) — f(=z)

«



is monotonically nonincreasing as « | 0, we have

[ +ay) - f(z)  fletoay) — f(2) Y a, a1, with 0 < a < a
o < o 9 ’ ) - )

f(x+ay2)ff($)<f($+a2y2)7f(x) VOCOQ With0<a<a2
« - Q2 ’ T -

Multiplying the first relation by v and the second relation by 1 — v, and adding,

we have for all a with 0 < aa < a1 and 0 < a < aa,

et ay) +A=Nf@+ays) = f@) o flz+ o) = fz)

[0} aq

Q2

From the convexity of f and the definition of y., it follows that

[ +oayy) <vf(z+ayy) + (1 —7)f(z+ ay2).

Combining the preceding two relations, we see that for all a < a1 and a < ag,

fletoy) = 1) _ fa+aw) = f@) _ fa+am) - f@)

[e% (6%} a2

By taking the infimum over «, and then over a; and a2, we obtain
Fl@iyy) < vf(@y) + Q=) f (25y2) < ywi + (1= y)ws = wy,
where in the last inequality we use the fact (y1,w1), (y2,w2) € epi(f’(q:; )) Hence
the point (y,,w,) belongs to epi(f'(m;-)), implying that f'(x;-) is a convex
function.
(c) Since f'(x;0) =0 and (1/2)y + (1/2)(—y) = 0, it follows that
f2:(1/2y + (1/2)(-y) =0,  VyeR"
By part (b), the function f'(z;-) is convex, so that
0 < (1/2)f (z;9) + (1/2) ' (x: —y),

and

—f'(z;—y) < f(z5y).



